Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



-A.Isr.&.L-Z-SIS 



ROTARY MOTION, 



I 



The Gyroscope. 



Major J. G. BARNARD, A. M. 




'm 



NEW YORS : 
I). VAN N03TRAND. PUBLISHER, 

Ha MtJBHAT AND B7 WAHBBS StHBITO. 

1887. 



■ 


^^ 




1 


THE NEW 1 

ASiOH,l,ENuXAND 

TILOEN fUUNOAnciNS 

H itWi L 


m 


K'\-' V 




'X 



*R E FACE. 



The apparatuG discnseed here onder 
the name Gyroscope was eshibitSd by 
Professor Walter B, Johnson, of the 
Univeraity of Pennsylvania, in 1831. It 
was then called the Rotaacope, but it ex- 
cited but little interest. 

Professor Foueaiilt, of France, brought 
it forward in 1855, and ampioyed it as n 
meatiB of makiog the earth's rotation 
visible to the eye. Since that time some 
form of Gyroscupe {theuanie given it by 
Foucault) has formed a part of the phil- 
osopliioal ftppiiratus for schools. 

For some time the impression pre- 
vailed in the popular mind that the phe- 
nomena exliibited by the apparatus cuuld 
not be explained by natural laws. This 
idea was perhaps strengthened by the 
name applied to it by Professor Olmstead, 
who called it ■■ The Mechanical Paindojt." 

The following analytical esposition «f 
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the motions of the Gyroscope was writ- 
ten by Qeneral (then Major) Barnard in 
1858, for the Journal of Education, It 
was immediately reprinted in pamphlet 
form and was eagerly sought for by stu- 
dents of Analytical Mechanics. It yet 
remainS the best treatise on this interest- 
ing apparatus. 

As the former editions were long since 
exhausted, while the demand for the es- 
say continued, it was considered advis- 
able to republish it in its original form, 
first as a Magazine article and then as a 
volume of the Science Series. 

G. W. P. 



ANALYSIS OF ROTARY MOTION, 



THE GYROSCOPE. 



After reading most of the popular ex- 
planations of the above phenomenon 
given in our scientific and other publica- 
tions, I have found none altogether eatie- 
factory. While, with more or lees suc- 
oesB, they expose the more obvious fea- 
turee of the phenomenon and find in the 
force of griivity an efficient cause of hor- 
izontal motion, they usually end in de- 
stroying the foundation on which their 
theoiy if* built, and leave an effect to exist 
toithoul a cause; a horizontal motion of 
bfae revolving disk about the point of snp- 
pposed to be accounted for, while 
e descending motion, which is the first 
JDd direct effect of gravity (and without 
no horizontal motion can take 
je), is ignored or supposed to be en- 
rely eliminated. Indeed, it is gravebj 
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stated BB A diBtingniBhing peculiarity of 
rolary motiou, that, while gravity act- 
ing upon ft 11 on -rotating body causes 
it to descend Tertically, the same iorce J 
aoting upon a rotary body cauaea \ 
it to moae horizimtully. A teni^ency to J 
descend is BUppoeed to produce the effect 
of un artiwl descent; as if. in mechanics, 
a mere tendency to motion ever produced 
any effect whatever without that motion 
actually taking place. 

Whatever " mystification " there may 
be in analyBis — however it may hide its 
results under symbols unintelligible save 
to the initiated, it is moat certain that the 
greater portion of the physical phenome- 
na of the universe are utterly beyond the 
grasp of the human mind without its aid. 
The mind can — indeed it ntuat — search 
out the inducing CLiuses, bring them 
together and aiiljust them to each other, 
each in its proper relation to the rest i 
but farther than that (at least in compli- 
cated phenomena) unaided, it cannot go. 
It cannot ^oZ'ow these causes in all their 
various actions aud reactions and at a 



given inBtant of time bring forth the re- 



Thia, analysis alone can do. After it 
has accomplished this, it indeed usually 
furnishes a clue by which to trace how the 
workingB of known mechanical laws have 
conspired to produce these results. This 
clue I now propose to find in the analysis 
of rotary motion as apphed to the gyro- 
scope. 

The analysis I shall present, so far as 
determining the equations of motions is 
concerned, is mainly derived from the 
works of Poisson (vide "Journal de 
I'EcoIe Polytech." vo). XVI— Traite de 
Mecanique, vol. n, p. 162). Following hia 
steps and arriving at his analytical re- 
sults, I propose to develop fully their 
meaning, and to show that they are ex- 
pressions not merely of a visible phenom- 
enon, but that they contain within them- 
selves the sole clue to its explanation ; 
while they dispel aU that is mysterious or 
paradoxical, and in reducing it to merely 
irticular case " of the laws of " rotary 
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motion," throw much light upon the sig- 
nificance and working of those laws. 

Although not unfamiliar to mathemati- 
cians, it may not be uninteresting to those 
who have not time to go through the long 
preliminary atndy necessary to enable 
tbem to take up with Poisson this special 
investigation, or whose studies in 
meohanioB have led them no farther than 
to the general equations of "rotary 
motion." found in test books, to show 
how the particular equations of the gyro- 
scopic motion may be deduced. 

In BO doing I shall closely follow him } 
making, however, some few modifications 
for the sake of brevity and of avoiding 
the use of numerous auxiliary quantities 
not necessary to the limited scope of tbis 
investigation. 

The general equations of rotary motion 
are (see Prof. BarUett's " Analytical 
Mechanics," Equations (228), p. 170): 
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Pbi the above expreasions the rotating 
wdy {of any shape) ABCD, Fig. 1, ie 
snppoeed retained by the fixecl point 
within or without its mass) O. Oa;, Oy 
and Os are the three co-ordinate axes, 
fixed in space, to which the motion of the 
body is referred. Oa:,, Oy,, Oa,, are the 
three prinripal axes belonging to the 
point O, and which, of course, partake of 
the body's motion. 'ITie position of the 
body at any instant of time is determined 
by those of the moving ases. 

A, B and C express the several 
" momenta of inertia '' of the mass with 
reference, respectively, to the three prin- 
cipal axes Ox, Oy, Oa,/ N,,M, and L, are 
the moments of the accelerating forces, 
and u„ Vg, v.. the components of rotary 



10 



:Fig-^ 



^x^ 



W 






-lii. 



vx 



B' 



fy 



-"'0 



.Z.\ 



veloeity, all takeo with reference (o these 



Lite lineal velocities, velocities of rota- 
tion may be decomposecl — that is, a rota- 
tion about any single axis may be con- 
sidered as the resultant of compuuents 
about other axes (wliich may nlways be 
reduced to three rectangular ones): and 
by this means, about whatever axis the 
body, at the instant we consider, may be 
revolving, its actuEil velocity and axis 
are determined by a knowledge of its 
components v„ v^ f„ about the principal 
axes 0«,0y,0»„ these components being, 
as with lineal velocities, equal to the re- 
sultant velocity multiplied by the cosine 
of the angles their several rectangular 
axes make with the resultant axis. 

As the true axis and rotary velocity 
may continually vary, so the ewmponents 
v^v^v„ in equations (1) are variable 
functions of the time. 

For the pui-pose ot determining the 
axes Oic^, Oy, and Oz,, with reference to 
tte (fixed in space) asee Ox, Oy, Os, tliree 
auxiliary angles are used. 
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If we suppose the moving plane of a;, 
, at the instant considered, to intersect 
the fised plane of xy in the line NN' and 
call the angle 3rON=v5', and the ungle be- 
tween the planes j-?/ and x^y^ (or the an- 
gle z02,)=e, and theangleNOa;,=?>, (in 
the figure, these three angles are eup- 
poeed acute at the instant taken) these 
three angles will determine the positions of 
the axes 0.r,, Oy,, Oz,, (and hence of the 
body) at any instant, and will themselves 
be functions of the time ; and the rotary 
velocities v^ a^ Vp may be expressed in 
terms of them and of their differential eo- 



For this purpose, and for use hereafter 

K'in our analysis, it is necessary to know 

l-tbe values, in terms of tp, and if', of the 

ubosines of the angles made by the axes 

Oie,, Oy, and Oz, with the fixed axes Oz 

ao</. 

These values are shown to be (vide 
l-fartlett's Mech., p. 172) 

COS. «,0z= — sin. d sin. cp 
COS. ^lOz— — Bin. d COS. q> 



COS. e,Oz= COB. I 
coa. 2,0]/— COS. B COS. ij: ain. 



t y,Oy 



4- COB. ip 

9 COS. (i coa 9* 

+ 9in. '/■ Bill ip 

COB. Z|0.'/=SU1. ^ COB. V' 



I 

time dt, about the asea Ox^, Oy„ O*,, will 
be vjil, v^dt, and u,rf(. We may deter- 
mine the tilIusb of these motiocs by ap- 
plying the laws of compOBition of rotary 
motion to the rotations indicated by the 
increments of the auglee 6, tp and f. 

If d and ip remain constant, the in- 
crement (/^ would indicate that amount 
of angular motion about the axis Os per- 
pendicnlar to the plane tn which this 
angle is measured. In the same manner 

I d^ would indicate angular motion about 
the axis Os, ; while dd indicates rotation 

I about the line of nodes ON, In using 
these three angles, therefore, we actually 
refer the rotation to the three axes Oz, 
Oz,, ON, of which one, Osr, is fixed in 
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spaGB, another, 0«,. is fixed in and moveB 
with the body, and the third, ON, is shift- 
ing in reapect to both. 

The angular motion produced around J 
the axes Oa;,, 0?/^, Oz,, by these simnlta- | 
nt^ous increments of the angles <fi, B and | 
^, will be equal to the sum of the pro- 
ducts of these iocrements by the cosines 
of the angles of these axes, respectively, 
with the lines Os, Oa, and ON. j 

The axis of Os, for example makea the I 
angles f^, 0° and 00° with these hnes, I 
hence the angular motion v^dt is equal \ 
(taking the sum without regard to sign) 
to COS. ddip + dip. j 

In the same manner (adding without ' 
regard to signs), i 

and u„rfC=cos-)/,02(/^ + coB, (m° + (p)d8. ' 

But if we consider the motion about i 
Oe, indicated by d(p, positive, it is plain ' 
from the directions in which (p and {ji axe ' 
laid off on the figure, that the motior 
tcoB. ddili will be in the reverse direotit 



and negative, and eince cos. d is positive 
d<l> muet be regarded aa negotive, hence 

The first term of the value of v^dt, cos. 
XjOzdip [since cos, x,0zi,=—Bm.8»in.^) 
ia negative and tiip in to be token with the 
negative sign] is positive. But a study 
of tht figure will show that the rotation 
referred to tlie axis Or,, indicated by the 
first term of this value, is the reverse of 
that measured by a positive iucrement of 
6 in the second, and hence, (as cos. <p is 
positive,) fW must be considered negfi- 
tive. Making this change and substitut- 
ing the values given of cos. o-,Os, cos, y, 
02, and for cos. (90" + ^f).— sin. <p, we 
have the three equations 

»>l»^(=sin. 6 sin. qidi/-—co9. tpdO ) 
|»^ft=Bm. e COS. <pd'p + sin. ^8 U (2)* 
T-v^t=d(p~coa. dd'j: ) 

Bjwavold the intrndactlun uf iiamerous qiunl Itles 
nloour partleular luTestiftatlon Rnd aledloos 
He. I have depHried rram Polsson and substituted 
B above aimpLe meltiod of gettius eqiutlons (!.}, 
' wUob la an instructive illuBtratltin of the principle* 
imposition of rotary motion 





The general equations (1) are enscepti- 
ble of integration only in a few particular 
cases. Among these cases is that we con- 
sider, viz., that of a solid of revoIvUon 
retained by a fixed point in its axis of 



Let the solid ABO0, Fig. I, be sup- 
posed such a solid, of which Oz, is the 
axis of figure. It will be, of course, a 
principal axis, and auy two rectangu- 
lar ases in the plane, through O perpen- 
thcular to it, will likewise be principal. 
By way of determining them, let Ok, be 
supposed to pierce the snrfaee in aame 
arbitrarily assumed E point in this plane. 
Let G be the center of gravity (gravity 
being the sole accelerating force). The 
momeots of inertia A and B become 
equal, and equations (1) reduce to 
, Odv,=0 ) 

I A.dv,-[C-A)v.v^(H^y(iM.f/tff }■ (3)* 
' Adv;, + (C - A)v,v,dt--Tf''Mgdt ) 

■ See Bartlett'£ Meoh, Bquatlone iSffi) and |1I8) tori 
Uie values of L| H,N, ; Id tbe case we consider the i 
tTBneong toroe F (of eq. IISJ iag: the oo-ordlnatea z' 
of Itapointof 8ppUDatloDO(re[eiTed to theuesO 
Ovi,Oai,)BreEera and I'^OOs-: 
y are a, Atmdr; benoe ].,=0, Hi-raXg.S i=~ ybHB.M 




in which the distance OG of the point of 
support from the center of gravity ia rep- 
resented by y,y is the force of gravity, M 
the mass and a aod b stand for the co- 
sines xflz and yflz and of which the 
values are 



b^- 



■) COS. cp. 



The first equation (3) gives by integra- 
tion i'j^:'), n being an arbitrary constant; 
it indicates that the rotation about the 
axis of figure remains always constant. 

Multiplying the two last equations (3) 
by «, and v^ respectively and adding the 
products, wo get 

A(w„rf«j -I- I'e dvi )=yM.g(av^—liVt )dt. 

From the values of « and A above, and 
from those iv and v^ (equations 2) it ia 
easy to find 

(ao„--bor)ilt= —sm. 6 Ud=d. cos. 6; 

substituting this value and integrating and 
• sailing A the arbitrary constant 

' A(i>„H«r')=2rMff cos, «-!-/. («) 
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Multiplying the two last equations (3), 
respectively, by b and a and adding and 
reducing by the value just found of d. cos. 
6 and of Vz , we get 

A{bdVy-\-advx)-\-{C—k)nd, cos. 0=0 {b) 

Differentiating the values of a and b and 

referring to equations (2) it may readily 

be verified (putting for Vz its value n) 

that 

db=(Vx COS. d—an)dt 

da={bn-'Vy COS. d)dt 

and multiplying the first by k.x'iy and the 
second by kvx, and adding 

K{Vydh-\-Vx da)=An{bvx — aVy)dt 

= —And, COS. 6, 

Adding this to equation (b), we get 

Ad.(bVy-[- av^) -\- Gnd. cos. 6=0, the inte- 
gral of which is 

A(bVy-{-aVjc) 4-Cn cos. d=l{i being an ar- 
bitrary constant). (c) 

Referring to equations (2) it will be found 
by performing the operations indicated 
that : 
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Substituting these values in equations 
(a) and (c), we get 

Cn. cos.^— A sin.'^— r-=/ 

at 



4--«f-i.')=»- 



COS. 6-\-h 



If, at the origin of motion, the axis of 
figure is simply deviated from a vertical 
position by an arbitrary angle a, in the 
plane of xz^ and an arbitrary velocity n is 
imparted about this axis alone ; then Vx 
and Vy will at that instant be zero, 0=a, 
and the substitution of these values in 
equations (a) and (c) will determine the 
values of the constants I and h, 

h=—2Mgy cos. a 
l=Gn cos. a, 

which, substituted in the above equations, 
make them 



9—r-=-7-(C0B. — COB, a) 
«( A ' 

^ d-p^ (18' __ 2M.gy 



These together with the last eqnwi 
(2) which may be written, (snbstitatiiig 
the value of v^) 

» d^=ndt + OOB. Bdip \5) 

•(riU {if integrated) lietermiue the three 
imgleB (p, B and ij) in terms of the time t. 
They are therefore the differential equa- 
tions of motion of the gyroscope. 

Let NEE', (Fig. 1,) he a section of the 
Bolid hj the plane k, y^. This section may 
be called the equator. E being some fixed 
point in the equator (through which the 
principal axis 0^;^ passes), the angle tp is 
the angle EON. 

If N is the ascending node a! the equa- 
tor — that is, the point at which E in its 
axial rotation risea above the horizontal 
I, the angle q} must increase from N 
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towards E — that is, dtp (in equation 5) 
nmat be positive and (as the second term 
of its value is usually very smiUl com- 
pared to the first) the angular velocity n 
must be positive. That being t 
the value of d<p will be exactly that due 
to the constant axial rotation ndt, ang- 
mented by the term cos. Hdij.; which is 
the projection on the plane of the equa- 
tor of the angular motion il4' o! the node. 
This term is an increment to ndt when it 
is positive, aod the reverse when it is 
negative. In the firstease, the motion of 
the node ie considered retrograde — in the 
second, direct. 

The first member of the second equa- 
tion (4) being essentially positive, the dif- 
ference COS. W — cos, a must be always 
positive — that is, the jtxis of figni'e Oz, 
can never rise above its initial angle of 
d<l! 



elevation a. As a consequence - 



[in 



first equation (4)3 must be always posi- 
tive. The node N, therefore, moves al- 
ways in the direction in which sfr is laid off 
positively, and the motion will be direct 



I 



or retrograde, with reference to the ff 
rotation, according aa cos. is negative 
or positiTe — that is, as the asie of figure 
is above or below thehorizontal plane. In 
either case the motion of the node in its 
own horizontal plane is always progreSB- 
ive in the same direction. If the rotation 
ft were reversed, so would also be the 
motion of the node. 



If this rotation n 



. * 



must also 



be zero and tie second equation (4) re- 
duces at once to the equation of the com- 
pound pendulum, as it should. Elimi- 



dt 



between the two equations (4) 



, Tve get 



(cos. y — cos. a)](C06. f — COS. a). 



The length of the simple p-mdulum 
■which would make its oscillationa in the 
B time as tlie body (if the rotary 



velocity n were zero) ie- 



My' 



I 



and make (or simplicity 
the above equation becomes 



' A 

(CO.. 8-co.. .) (6) 
the first equation (4) becomes 



Bin, "9 



dl' 



/Sj/ji(coe.e- 



(') 



Equation (6) would, if integrated, give 
the value of 9 in tenuB of the time ; 
that is, the inclination which the axis of 
figure makes at any moment with the ver- 
tical ; while eq, (7) (after subatitiiting the 
ascertained value of 9) would give the 
value of ip and hence determines the pro- 
gresBive movement of the body about the 
vea^cdl Qz. 
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These equations in the above generftl 
form, have not been integrated ;* never- 
theleaa they furnish the means of obtain- 
ing all that we desire with regard to 
gyroscopic motion, and in particular that 
self-sustaining power, which it is the par- 
ticular object of our analysis to explain, 

In the firet place, from eq. (6), by put- 

ting-^eqnal to zero, we can obtain the 

maximum and minimum values of 8. 
This diff. cuefBeient is zero, when the 
factor COB. ^— cos. a=0, that ie, when f 1 
=a; and this is a maximum, for it has I 
~ just been shown from equations (1) thnt.i 
d cannot exceed a. It will be zero also " 
and 8 a minimum^ when 



sin.'e-2/3'{coB. S-cos. 
or 008.^= -ff'+ t/l + 2/i'c 



f/l'(8> 



• The Inteeratlon msr he effftcted by ( 
olltptlu tunctlona; bnt the prueees is of no ; 

thta diBDUFElOD. 

t It Is easy to Bban that ttila value of O boli 
aolual minimum; tint It Is scarcely wntth w 
trodaoe the proof. 
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(The positive sign of the radical alone 
applies to the case, since the negative one 
wonld make 6 a greatei- angle than a) 

It ia clear that (a being given) the 
value of 6 dependeon fi alone, and that 
it can never become zero unless p is zero; 
and as long as the impressed rotary veloc- 
ity n is not itself zero (however minute it 
may be), /3 will have a finite value. 

Thus, however minute may be the 
velocity of rotation, it is sufficient to pre- 
vent the axis of rotation from f<illing to 
a oertical poaition. 

The self-sustaining power of the gyro- 
scope when very great velocities are giv- 
en is but an extreme case of t/tia laiP. 
For, if (i is very great, the small quantity 
1— eos.'a may be subtracted from the 
quantity under the radical (eq. 8) without 
sensibly altering its value, which would 
cause that equation 



That is, when the impressed velocity n, 
and in oonsequence fi is very great, the 
minimum value of B differs from its mas- 
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imum a bj an exceedingly minute qaan- 
tity. 

Here then is the result, aoalyticall^ 
found, which bo surprises the observer, 
and for which an explanation haB been ai 
much sought and bo variously giv«n. 
The revolving body, though solicited by 
gravity, does not visibly fall. 

Knowing this fact, we may aaeunte 
that the impressed velocity n is very^ 
great, and hence cos. f— cos. a exceed- 
ingly minute, and on this suppoBitioo, 
obtain integrals of equatiouB (6) and (7), 
which will express with all requisite aocn- 
racy the true gyroscopic motion. Par 
this purpose, make 

9=a-u, de = ''du 

|i in which the new variable n is always ex- 
tremely minute, and is the angular de- 
' scent of the axis of figure below its initial 
I elevation. 

Hy developing and neglecting the 
B powers of u superior to the square, we 
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sin.' 6^=sm,'a— w sin. 2a-hu^ cos. 2a* 

COS. 0— COS. az=:u sin. a— Jw' COS. a 

substituting these values in eq. 6, we 
get 



i^4dt= 



du . 



^ V2w sin.a— w\cos. a + 4)6(') 
/3 having been assumed very great, cos. a 

* By Stirling's theorem, 

/(«)=U+U'"+U"^.&c., 

in which U, U ,U", &o , are the values of/ («) and its 

different coefficients when u is is made zero. 

Malring/(tt)=sin.''(a— m), and recollecting that sin. 

2u=2 sin. «« cos. u and cos. 2m=co8.''w— sin'w, we get 

the value of sin.^d ; and making/'(w)=cos.(a— w)— cos.a 
the value in text of cos. d— cos. a is obtained. 

t Bq. 6 may be written 

A dtf* -, . . .„,(COS. 9—GOS. a)3 
- 3Ts=2(C08. tf-COS. a)-4P^- -. — — '~ 

By substituting the values just found of dB, sin.^ d 
and COS. d—cos a and performing the operations indi- 
cated, neglecting the higher powers of «, (by which 

(cos, ^-cos. tt)» re^iuces simply to w») and deducing 
the value yi/^flj^, the expression in the text is ob- 

' A 

tained. 
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may be neglected in isomparison with 4/9' 
and the above may be written 

^ V2w sin. a—^fru} 

Integrating and observing that i^=o, 
when ^=0, we have 

|/f . t-—,, arcl cos.=l — P^ \ 
(See Appendix, Note A.) 



«=^"(l-cos.2Vf.) 



or, (since cos. 2a =1—2 sin." a) 



u 



=2^8iii. ^sin.'/^y'l. ^ (9) 



Putting a—u in place of 6 (equat. 7) 
neglecting square of u, we get 

J =^/f • sm.'/i/|.< (10) 
{See Appendix^ Note B.) 



from which, observing that f/.' = 0, when 
t=zQ 



M 



-ill-- 



(11) 



These three expressions (9), (10), (11), 
represent the vertical angnilar depreBsion 
— the horizontal angular velocity^and 
the extent of horizontal angular motion of 
the axis of figure after any time (.* 

The first two will reach their reapect- 

iye maxima and minima when sin. fiyi. t 



These Tolues of I in equation (11) give 



"4/)' 



-2/)' 



• The assumption thiitip=(l wfaen f Iszero supposes 
th&ttlieiiilllBl poiitlan of Uie node uolnoldeg with 
tlie filed Biis of x. In tny FubBoqnunt llluBtra- 
tlone and Bnalysls I suppose the (nitlsl position to 
be at 90° tlierBtrom, which would require to the 
ahoTBTslae of <|i. tbuconetant i^irCube ttdded. The 
horlzont&l aDKular motion lit the axis of Beore Is the 
>r the node 
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Hence, counting from the commenoe- 

ment of motion, when «, t/,-~-and tf^ are 

all zero, we have the following series of 
corresponding values of these variables 

,_ ^ ./A" 1 . dtp \JT 

which correspond to the moment of great- 
est depression, when u and-^are maxima 
and 

when, it appears (u being the zero), the 
axis of figure has regained its original 
elevation and the horizontal velocity is 
destroyed. 

All these values are (owing to the as- 
sumed large value of fi) very minute. If 
we suppose the rotating velocity ?i=100 
7t or 100 revolutions per second, the 
maximum of u (with an instrument of or- 
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dinary proportionB) would be a traction 
of a iniDute of arc, and the period of uii- 
dalatios but h fraction of a Becond. 

Hence the horizontal motion about the 
point of support will be exceedingly slow 
compared with the ssial rotation of the 
disk espreBsed by n. 

If, in equations (9) and (10), we in- 
creaBe / indefinitely we will have but a 
repetition of the Beries of values already 
found, they being recurring functions of 
the time. 

We see, then, the revolving body 
dues not, in fact, maintain a imifoi-m un- 
changing elevation, and move about its 
point of support at a uniform rate, (as it 
appears to do). But the axis of figure 
generates wliat may be called a r.orru- 
gated cone, and any point of it would de- 
scribe an undulating curve (Pig. 2) whose 
superior culminations a, a, a", &c., are 
cusps lying in the same horizontal plane, 
and whose sagittae r.//, c'/i',Sce., are to the 



amplitudi 
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S.1 



o; 



this ratio ie a» the diameter to the drcwn- 
fere7ice of the circle : a property which in- 
dioateB the cycloid. 

AsBDming ai=90° and sin. a—.X, equa- 
tioDs (9) and (10) wil] give, by ehousatioQ 



in.Vf'. 






Vf. 



,/;= # 



Bubstituting this value in eq. (d), t 



iget 



the differential equation of the cycloid 
generated by the circle whose diameter is 

In this poHitiuii of the axis, both the 
angUfl ft atid fp art: uroB of great circles 
described by k point of tbc axis of figure 
at a units diBtonce front O. and owing to 



EE^r minnteness may be coijsidere3 8 
rectilinear co-ordiQatee, 



If 



I is not 90", the sagittae dc^, 



a/j" 



' sin. a ; but then, while the angolar 
motion if> is the same, the arc deBcribed 
by the same point of the axis will be tb&t 
of a small circle, whose actual length will 
likewise be reduced in tlie ra tio of 1 : sin. a. 
The curve ia tberefore a cycloid iu all 
circumstances; and the asjs of figare 
moves as if it were attached to the oir- 
cumferenceof a minute circle whose diam- 
eter is fTTiSin. a, which rolled along thfl 

^f> J 

horizontal circle, a a' a", about theT«ti>'| 
oal through tiie point of support. 

The center e of this little cii'cle movea^ 
with uniform velocity. The firgt term of 1 
the value of </- (equation II) is due to tliii 
uniform motion; it may be called tlie 

^'be second term ix du9 to the uirculor 
motion of Um Kna about f>ili> center, and 
cumlMnsd wi**; i'ue coiTespomling values 



of u, oonstitntea what may be called the 
nutation. , 

These cycloidal undulationB are so min- 
ute — eacceed each otlier with auch rapid- 
ity (with the high degreees of velocity 
uBnally given to the gyroscope), that they 
are entirely lost to the eye, and the axis 
seems to maintain an unvarying elevation 
and move around the vertical with a uni- 
form alow motion. 

It is in omitting to take into account 
these minute undulations that nearly all 
popular explanations fail. They fail, in 
the first place, because they sabstitute, in 
the place of the real phenomenon, one 
which is purely imaginary and inexplica- 
ble, since it is in direct variance with fact 
and the laws of nature ; — and they fail, 
because these undulations — (great or 
amall, according as the impressed rota- 
tion is small or great) furnish the only 
true clue to an understanding of the aub- 
jeot.' 

The fact is, that the phenomenon ex- 
hibited by the gyroscope which is so 
striking, and for which explaoations are 



so much sought, is only a parCivular 

extreme phase of the motion 

bj eqiiationa (6) and (7)— that the self- 

enstaJDing power is not absolute, but one 
' of degree — that, however minute the axial 

rotation may be, the body ne^er will fall 
t quite to tlie Terticnl i — however great, it 
\ cannot sustain itself without any depres- 

1 have exhibited the undulations, as they 
( exist with high vclocitios — when they be- 
[ come minute and n6a,rly true cycloids ; 
I with low velocities they would occupy 
J (horizontally) a larger portion of the arc 
I of a semi-circle, and rea«h downward ap- 
proximating, more or less nearly, to con- 
tact with the vei-tical ; ttad, ^ftnalty, when 
the rot-ajy velocity is zero, their cusps aie 
in diametrically opposite points of the 
horizontal circle, while the curves resolve 
themselves' into vertical circular arcs 
which coincide with each other, and the 
vibration of the peudulum is exhibited. 
All these varieties of motion, of which 
that of the pendulum is one extreme 
I phase and the gyroscopic another, are 
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traced in equations (6) and (7) and 
exhibited by varying fi from to high 
values, though (wanting genera) integrals 
to these eqiiationa) we cannot determine, 
except in these extreme cases, the exact 
eleroents of the undulations. The mini- 
mam value of d may, however, always be 
determined by equation (8). 

If we scrutinize the meaning of equa- 
tiona (6) and (7), it will be found that 
they represent, the first, the horizontal 
angular component of the velocity of a 
point at units distance from O, and the 
second the actual velocity of such point.* 



•In more itenaral terms eqnationa(4l eipresa.the flrsC, 
Uiat tbeiwinunt ofliie nuantitu ijf motion aboat the 

wian(2 that Ihe lIvlQg forces gaupratad In the body 
(over Bad above the itnpreaKri axial rotfiUon) are ex- 
aotlr what [e dus U> gratiili/ through the htight. h. 

Both are expre^Elona of truths that nilebt hareheen 
antlofpated i for (p-avlt j uannot increase the moment 
Of the quantity of matlunabuutanaxbfiimWifilalMej/',- 
while 11a power of generatina living force by working 
throntth a iflten beight, cannot be Imijalred. 

them, however, the equations might have been got 
wlthoat tbe tedlons analysis by whloh we have reached 



'or ain.d-^ is the horizontal, and 

dd 

— the vertical, component of thia veloc- 
ity. Calling the firet v,,, and the eeoond 
w„ and the resultant v„ and calling cob, 
0— COS. a (which is the true height of 
fall), h, those equationB may be written 



Crt 



{vh' + <)='','-■ 



(«) 



(n 



' This Telocity v, (as a function of the 
height of fall) is exactly that of the ccmt- 
poiaidp6ndidum,B.TiA\sentirelyindepend' 

ent of the axial rotation n. Hence (as 
we might reasonably suppose) rotaiy 
motion has no power to impair the work 
of gravity through a given height, in gen- 
erating velocity ; but it does bave power 
to change the direction of that oelocity. 
Its effect is precisely that of a material 
undulatory curve, which, deflecting the 
body's path from vertical descent, finally 



directs it upward, and causes its velocity 
to be destroyed by the same forces which 



And it may be remarked, that, were the 
cycloid we have dencribed suck a material 
curve, on wliich tlie axie of tJie gyroscope 
reBted, without friction and tnithoul rotii- 
tion. it would travel along this curve by 
the effect of gravity alone (the velocity 
of deecent on the downwai'd branch carry- 
ing it up the ascending one), with exactly 
the 8a*»t velocity that the rotating disk 
does, through Uie combined effects of 
grarity and rotation. 

Equation {a) expreBsea the horizontal 
velocity produced by the rotation. 

If we substitute its value in the second 
we may deduce 



dd 



i/„ or— 



V¥'- 



sin.'O 



If we take this value at the commence- 
ment of deecenti und before ani/ horizon- 
tal velocity w acgtiired (making A indefi- 
nitely small), the second term imder 
tbe radical may be neglected, and the 
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P&st incremt-nt of deecen ding velocity 

"^ ' ~r^' P^^'^^^ly wliat XB due to 
gravity, and w/tat it trould fie were tAare 
no rotalioH. 

Hence the popular idea tlmt a rotat- 
ing body offers any direct resistance to a 
chaDge of ils plane, is unfounded. It re- 
quires aa little exertion of force (in the 
dirtction of motion) to move it from one 
plane to another, as if no rotation esieted; 
and(a8 a corollary) as little expenditure of 
work. 

But deflecting lorcee are developed, by 
angular motion given to the axis, and nor- 
naal to its direction, which are very sen- 
Bible, and are mistaken for direct resist- 
ances. If the extremity of the axis of 
rotation were confintd in a vertical ciron- 
lar groove, in which it could move with- 
out friction ; or if any similai- fixed resiat- 
ance, as a material vertical plane, were 
opposed to ^edefltHing force, the rotat- 
ing disk would vibrate in the vertical 
plane as if no rotation existed. Its equa- 
tion of motion would become that of the 



mpounJ pendiiliim,-3-=y _^A. What 

then is the reBistance to a change of plane 
oi rotstion so ofttin alluded to and de- 
Boribed. A mlenomer entirely. 

The above may be otherwise estab- 
lished. If in equations (3) we introduce 
in the second member an indeterminate 
horizontal force, ff, applied to the center 
of gravity, parallel to the fixed axis of »/, 
and contrary to the directioD in which, 
in our figure, we soppose the an- 
gle to increase, the projections of this 
force on the axes Ok,, Oy,, will be u' ^ 
and b' g' and the last two of these equa- 
tions will become (calling cosines x^ Oy 
and yfiy, a' and b',) 

Adv^—(0—A.)nv^iit=yM(aff+a'ff')dt 
+ {C—A.)nv^dt= — yM(fij + b'g')dc 

and the second 



I Mull 



Multiplying the first by w, 
by Uj; and adding 

A.{Vi^dv^ + v' dVi )=y'M.[g{av^—bi}^ }dl + ^ 




(av^—bvx)dt has been uiowii 
be =d. COS. 6,— and by a similar proceaa 
it maybe shown tbat (a'w^—h'Vji)dl=sd. 
(sin. COS. »/•). (For values of a' and b' 
as before.) 

Let us suppose now that the force g' 
IB such that the axis of the disk may ba 
always maintained in the plane of its ini- 
tial position xz. The angle <}' wonld al- 
Iways be 90°, d4'=Q, and ^.(sin. 8 cos, ^) 
s=0. That is, the co-efficient of the new 
force g' becomes zero ; and tbe integral of 
the above equation is as before, 
V 
fr. 



A(V + i'j'')=2j'M? COS. 9 + A. 
Bnt the value of y„' + Vk " likewise r&- 
dnces (8ince-y=:0) to -3-; and the above 
of the compound 



IjGcomes the equatioi 

kpendulum {g) --^,=~^-~-cos. d+h= ^ 

(cos, ^— COS. q), (A being determined.) 
This is the principle just before an- 
nounced, that, with a foi-ce so applied as 
I topreventanyrfc^eciiV/j from the plane in 
which gravity tends to cause the axis to 
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yjbrate, the motion would be precisely ac 
if no ai-ial rotation existed. 

To determine the force of gr'; multiply 
the first of preceding equations by b, 
and the second by a, and add the two, 
and add likewise A(,v^b + Vr da= —A tid 
COB. d, and we shall ^et 

{a'b-ab')dt. 

By referring to the vtdues of a,a',b,b', and 
performing the operations indicated and 
making cos, ip—o, sin, 'I--—1, the above 
becomes, 



Jid(bi3^ + aVj:) + C nd cos. d~ 
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The second factor -r- is the angular 

velocity with which the axis of rotation is 
moving. 

Hence calling v, that angular velocity, 
the value of the deflecting force, g' may 
be written (irrespective of signs), 

that is, it is directly proportional to the 
axial rotation n, and to the angular 
velocity of the axis of that rotation. By 
putting for C,MJc^ (in which k is the dist- 
ance from the axis at which the mass M, 
if concentrated, would have the moment 
of inertia, C,) the above takes the simple 
form 

g = - /IVa. 

In the case we have been considering 
above, in which g' is supposed to coun- 



that the force is in the direction of the poHtive axis of 
y, as it should, since the tendency of the node is to 
move in the reverse direction. 



teract the dedecting force of axial rota- 
tion, the angular velocity v, or— -^ 



(equation g) is equal to^ ^^ 



But in the caae of the free motion of 
the gyroscope, this deflecting force 
bines with gruyity to produce the ob- 
aerved movements of the axis of figure. 

If, therefore, we disregard tbeasiul 
tation and consider the body simply 
fixed at the point O, and acted upon, al 
the center of gravity, by two forces- 
one of gravity constant in inten- 
aityand direction — the other, thedejlecl- 
ing force duo to an axial rotation n, whose 



variable intensity is represented by- 



yM 

nVg, and whose direction is always normal 
to the plane of motion of the axis; we 
ought, introducing these forces, and mak- 
ing the axial rotation » zero, in general 
equations (3), to be able to deduce there- 
from the identical equations (1) wliich ex- 
press the motion of the gyroscope. 



^ 

» 
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This I have done : but as it ie only a 
[ Terification of what has previously been 
I said, I omit in the test the introduction 
I of the somewhat difficult amtlysiB. 
{See Appendix, Note C.) 

Equation (5) becomes (in the case we 
consider), by integration; 



vbich, with the values of u and ^' already 
obtained, determineB completely the 
position of the body at any instant of 

Knowing now not only the exact 
nature of the motion of the gyroscope, 
but the direction and intensity of the 
forces which produce it, it is not diffioolt 
to vmderstand why such a motion takea 
place. 

Fig. 1 represents the body as supported 
by a point within its mass ; but the anal- 
ysis applies to any position, in the asia of 
figure, within or vrithout: and Figs. 8 
and 4 represent the more familiar tax- 
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Fig. 3 




I camBtanceB under which the phenomE 

I is exhibited. 

Let the revolving body 
(Fig, 3, vertical projection), for simplici- 
ty of projection, an exact sphere, sap- 
port«d by a, point in the axis prolonged 
at 0, which has an initial elevatioii a 
greater than 90°, Fig. i. represents the 
projection on the horizontal plane xy 
the initial position of the axis of fignxe 
(being in the plane of xe) is projected in 
Ox. 
Ox, Oi/, Oz, are the three (fixed in 

t space) oo-ordinate axes, to which the 

■-body's position is referred. 

In this position, an initial and high 
velocity n is supposed to he given aboat 
the axis of figure Oa^, so that the visible 
portions move in the direction of the 
arrows b, b', and the body is left snb- 
ject to whatever motion abont its point 
of support 0, gravity may impreae upon 
it. Had it no axial rotation, it would im- 
mediately fall and vibrate according to 
tjie known laws of the pendulum. In- 

I stead of which, while the axis maintaine 
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(apparently) ita elevation a, it moves 
slowly around the vertical O2, receding 
from the observer, or from the position 
ON" towards ON. 

It is self-evident that the first tendency 
(and as I have likewise proved, the first 
eflfect) of gravity is to cause the axis Oz^ 
to descend verdcally, and to generate 
vertical angular velocity. But with this 
angular velocity, the deflecting force pro- 
poi-tional to that velocity and normal to 
its direction, is generated, which pushes 
aeide the descending axis from its verti- 
cal path. But as the direction of motion 
changes, so does the diiection of this 
force — always preserving its perpendicu- 
larity. It finally acquires an intensity 
and upward direction atlequate to neu- 
tralize the downward action of gravity ; 
but the acquired downward velocity still 
exists and the axis still descends, at the 
same time acquiring % constantly in creas. 
ing horizontal component, and with it a 
atUl increasing upward deflecting force- 
At length the descending component of 
velocity is entirely destroyed — the path 
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of the axis is horizontal; the deflectffi^ 
force due to it acta directly contrary to 
gravity, which it exceeds in intensity, and 
hence caiieee the axis to commence rieing. 
This is the state of things at the point b 
(Fig. 2). The a^a has descended the 
ab, and has acquired a velocity dae 
its actual fall ad ; but this velocity has 
len deflected to n horizontal direotion. 
I aaeent of the branch ba' is precisely 
converse of its descent. The acquired 
lorizontal velocity impels the axis hori- 
zontally, while the deflecting force due to 
it (now at its maximuia) causes it to com- 
mence ascending. As the curve bends 
upward, the normal direction of this forcA 
opposes itself more and more to the hor- 
izontal, while gravity is equally counter- 
acting the vertical velocity. As the hori- 
}fiontal velocity at b was due to a fall 
roufi'h the height od, so, through the 
medium of this deflecting force, it is jnst 
capable of restoring the worA gravity had 
expended and Ufthig the axis back to its 
original elevation at a', and the cyoloidal 
undulation is 
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again repeated, and tbe axis of figure, 
performing undulations too rapid and too 
mintite to be perceived, moves alowly 
around its point of support. 

Referring to Fig. 3, the equator of the 
revolving body (a plane perpendicular to 
ttie axis of Ijgure and through the fw-ed 
point O,) would be an imaginary plane 
B,E,. Its intersection with tbe horizon- 
tal plane of xi/ would be the line of nodes 
N,N'- In the position delineated, the 
progression of the nodes is (firect. For, at 
the acending node N, any point in the 
imaginary plane of the equator (sup- 
poosed to revolve with tbe body) would 
move upwards in the direction of the 
arrow a, while the node moves in the 
sums direction from O (of the arrow a). 
Were tbe axis of figure below the hori- 
zontal plane, (Fig. 5) tbe upward rotation 
of the point would be from O to E, (as 
the aiTow a), while the progression of the 
node (in the same direction as before as 
the arrow n') would be the reverse, and 
tbe motion of the node would I 
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ffrade — jet in both cases the same in 
apflce. 

As the deflecting force of rotary mo- 
tion is the sole agent ia diverting the 
vertical velocity produced by gravity from 
its downward direction, and in prodncing 
these paradoxical effects ; and as the fore- 
going analysis, while it has determined its 
value, has thrown no hght upon its origin, 
it may be well to inquire how this force is 
created. 

Popular explanations have naually 
turned upon the deflection of the veriical 
components of rotary velocity by the ver- 
tical angular motion of the axis produced 
by gravity. In point of fact, however 
both vertical and horizontal components 
Eixe deflected, one us much as the other ; 
and the simplest way of studying the ef- 
fects produced, is to trace a vertical pro- 
jection of the path of a point of the body 
under these combined motions. For this 
purpose conceive the mass of the revolv. 
ing disk concentrated in a single ring of 
matter of a radius k due to its moment 
of inertia C=M&' (see Bsrtlett Mecb. p. 
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j]78), and, for simplicity, suppose the aa- 
E gnlar raotioc of the asiB to take place 
I around the center fig^ure and of gravity G. 
Let AB be such a ring (supposed per- 
I pendicular to the plaue of projection)_re- 
L Tolving about its asis of tigure,GC, while 
the axis turns in the vertir.al plane about 
the same point G. Let the lotationj be 
Buch that the visible portion of the disk 
moves upward through the semi-circum- 
ference, from B to A, while the axis movea 
downward through the angle D to th« 
position GC. The point B, by its axial 
rotation alone, would be carried to A ; 
but the plane of the disk, by simoltaae- 
Lous movement of the a sis, is carried to 
I. the position A'B', and the point B arrives 
, at B' instead of A, through the curve pro- 
jected in BGB'. The equation of the 
projection, in circular functions, is easily 
made ; but its general character is readily 
perceived, and it is sufiBcient to say that 
it pasaes through the point G,^that its 
tangents at B and B' are perpendicolar 
to AB and A'B', — and that its concavity 
■throughout its whole length tamed to 
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the right. The point A descends on the 
other, or remote side of the disk, and 
makes an exactly similar curve AGA' 
with its concavity reversed. 



BHg. 6 



-^^^b 




The centrifugal forces due to the deflec- 
tions of the vertical motions are normal to 
the concavities of these curves ; hence, on 
the side of the axis towards the eye, they 
are to the left^ and on the opposite or 
further side, to the right, (as the arrows 
b and a,) Hence the joint effect is to 



56 

preBB the axis GO from its vertioal plane 
COO', horizontally and towards tlie eye. 
Reverse the direction of axial rotation and 
the ourres AA.' and BB' will be the same 
except that AA' would be on the near 
and BB' on the remote side of tlie axis 
QO, Knd the direction of the resulting 
pressure will be reversed. 

A projection on the horizontal 
plane would likewise illnstrate thia 
deflecting force and show at the same 
time that there is no resistance in the 
pl'jne of motion of the axis, and that 
the whole effect of these deflections of 
the paths of the different material 
points, is a mere interchange of living 
foroea between the different material 
points of tite disk; but it is believed that 
the foregoing illustration is sufficiant to 
explain the origin of this force, whose 
measure and direction 1 have analytically 
demonstrated. 

It may be remarked, however, that the 
intensity of the force will evidently be 
directly as the velocities gnined and lost 
in the motion of the particles from one 



B7 

Bide of the axis to the other ; or as the 
anijidar velocity of the axis, and as the 
distance, &, of the particles from that axis. 
It will also be as the number ofpartidea 
which undergo this gain and loBs of living 
force in a given time ; or <m the velocity 
of axial rotation. Considered as applied 
normally at G to produce rotation about 
any fixed point Oin the axis, its intensity 
will evidently be directly as tie arm of 
lever k, and inversely as the distance of 
G from O {y). Hence the measure of 
this force already found, from analysis, 



In the foregoing analysis, the entire 
ponderable mass is supposed to partake 
of the impressed rotation about the axis 
of figure Oa, ; and such must be the case 
im order that the results we have arrived 
at may rigidly apply. Such, however, 
cannot be the case in practice. A portion 
of the instrument must consist of mount- 
ings which do not share in the rotation 
of the disk. It is beUeved the anal- 
yeiB will apply to this case by simply in- 
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eluding the whale mass, in computing; 
the moment of inertia A and the masG U, 
while the moment C represents, as be- 
fore, that of the disk alone. 

In this mamier it would be easy to cal- 
culate what amount of extraneous vrei^t 
(with an assumed maximum depreaeitm u) 
the instrument would suetain, with n giv- 
en velocity of rotation. 

The analogy between the minute nw- 
tions of the gyroscope and that grand 
phenomenon exhibited in the heavena, — 
the "precession of the equinoxes" — is 
often remarkeil. In an ultimate analysis, 
the phenomena, doubtless, are identiQal; 
yet the immediate causes of the lattar are 
so much more complex, that it is difficult 
to institute any profitable comparison. 

At first sight the undulatory motioa 
attending the precession, known AB 
" nutation " (nodding) would seem iden- 
tical with the undulations of the gyro- 
scope. But the identity is not easily in- 
dicated ; for the earth's motion of nota^ 
tion is mainly governed by the in< 
with whose cycles it coincides ; and tbf 
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BoW and lunar precessions and natationB 
are so combined, and affected bj causes 
which do not enter into our problem, 
ihat it is Tain to attempt any minute 
identification of the phenomena, without 
nferenee to the difficult analysis of 
cdestial mechanics. 

On a preceding page I said that a hor- 
izontal motion of the rotating disk 
around its point of support, without de- 
scending undulations, was at variance 
with \he laws of nature. This assertion 
appliej, howeyer, only to the actual prob- 
lem in hand, Jn which no other external 
force tlnn gravity was considered, and no 
other initial velocity than that of aiial ro- 
tation. 

Analysis ahowe, however, that an ini- 
tial impulst may be applied to the rotat- 
ing disk in (ucli a way that the horizon- 
tal motion riball be absolutely without 
nndulation. in initial horizontal angu- 
lar velocity, eieh as would make its cor- 
responding deflective force equal to the 
component of gravity, ff sin. 8, would 
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cause a Iiorizontal motion v>ithout ondu- 

latioa. 
If the axial rotation n, as well as tfcB 

horizontal rotation, is communicated hf 
an impulBive force, analysis sbovrs that it 
may be applied in any plane intersecting 
the horizontal plane in the line of nocks; 
but if applied in the plane of the eqmtor 
(where it can communicate nothing but 
an axial rotation n), or in the horizontal 
plane, its intensity must be infinite. 

My announced object does not oai'ry 
me further into the consiileration of the 
gyroscope thiin the solution of tkis pecu- 
liar phenomenon, which depends solely 
upon, and is so illustrative of, tlie laws of 
rotary motion. 

If I have been at all sncceasful in mat- 
ing this so often explained subject more 
intellifjible — in giving clearer views of 
some of the supposed effecti ^of rotatioo, 
it has been because I have trusted solely 
to the onli/ safe guide in the complicated 
phenomena of nature, antlytis. 
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Appendix. — ^Note A. 
du 



a/2w sin. a—4^ffu^ 

sin. a 



may be put in the 



d\i 



^^^- ""i/o sin. a , 

m 

Call ' =R, and the integral of the 

2(1 factor of the above is the arc 
whose radius is R and versed sine is u'; 
or whse cosine is R— w, or it is R times 

XI 

the arc whose cosine 1 — t> ^^ radius 

xv 

unity. Substituting the value of R in 

the integral and multiplying by the factor 

-77 — we get the value of \/ ?.t of the 
sm. a ° ^ K 

text. 



In eq. (7) if we divide both membera 
by BID.' 0, and, in reducing the fraction 

COB. 9— COB. a ., . 1 J- 

: — i-2 , use the Taluee alrew^ 

found and neglect the square, as well aa 
higher powers ti, (which may be done 
without sensible error, owing to the min- 
uteness of M, though it eoiUd not be done 
iu the foregoing values of dl and (, since 
the co-efBcient 4/3" in those values, ia ra- 
ciprooally great, as u is small) the quo- 
tient will be simply ■-. 

*^ ■' Bin. a 

Substituting the value of n and divid- 
ing out sin. a, we get the value of -^ in 
the text. 
The integral of sin: /iy^'tdt results fpom 

the formula /sin.' (pdtp—^tp—\ sin. 3f), 
eaaily obtained by substituting for 
g), its value i—^ cos. 2^. 



Note C. 

To introduce tliese forces in Eq. (3) 
I observe, first, that as botli are applied at 
G (in the asis Oz,) the moment L, is still 
zero and the fir^l eq. becomes, as before 

CrfWj = O or Uj = const. 

And as we disregard the impressed 
axial rotation, we make this constant (or 
I'i ) zero. 

The deflecting force — ii-i?s (taken with 

contrary sign to the couiiteractinff force 
just obtained) resolves itself into two 
Gndd , Cndrb . „ 
I.S —f, — =-ana — — ^^ — f sin. If, 
yM dt >'M dt ' 

the first in a horizontal, the second in a 
vertical plane, and both normal to the 
axis of figure. 

The second is opposed to gravity, 
whose component normal to the axis of 



component. -=.-5-aad^ 
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Hence we have the two component 
forces (in the directions above indicated), 



^ On d0 . --/ On dib\ . ^ 



These moments with reference to the 
axes of y, and x^ will be 

.J On dip \ . ^ 

..Cnd& , 

COS. ^;.M^-^,and 

COS. ^KM(^-^f;)sin.6^- 

ikT C/i d 6 

sm. a?yM— ^-=- 
^-^ >^M dt 



Hence equations (3) (making Vz zero, and 
putting for M, and N^ the above values, 
and recollecting the values of a and by 
become 



X 
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A.dvy =aylAgdt 



aCn-rrdt—Cn cos. w—r-dt 

dt ^ at 



A dvx =—by Mgdt + 



bCn^dt—Cn sin. o) — dt 
dt ^ dt 



M 



Multiplying the equations severally by 
Vy and Vx , adding and reducing, we get 

A{Vydvy + Vxdvx)=yM.gd.coB. 6— 
On-^d. COS. 6—Gnd 6 {vy cos.tp + Vx sin. q)) 

But Vy COS. (p-\-Vx sin. q? will be found 

«qual to sin. -^ (by substituting the 

values of Vy and Vx ); hence the two last 
terms destroy each other, and the above 
equation becomes identical with equation 
(a) from which the 2d eq. (4) is deduced. 
Multiplying the 1st equation (^) by 
COS. <p and the second by sin. <p and add- 
ing, we get 



A (cos. (pdvy + sin. q)dvx) =—Gnd 6. 
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By differentiating the valnes of Vy and 
Vx , performing the multiplicationB, and 
substituting for d(p its value, cos. Ocbpj 
(proceeding from the 3d equation (2) 
when Vg = 0), the above becomes 

a/ • /3^^ . o ^<^^de\ ^ dO 
A(sm.^-J-f2.cos.^-^J = -Cri^. 

Multiplying both members by sin. ddt, 
and integrating, the above becomes 



. a ^dip On ^ 
sm. 6'-f = -T-cos. (7 + 1; 
at A 



the same as the 1st equation (4) when the 
value of the constant I is determined. 
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